Structure of a Morse form foliation on a closed surface in terms of genus
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Abstract

We study the geometry of compact singular leaves v and minimal components C™ of the foliation F,, of a
Morse form w on a genus g closed surface M7 in terms of genus g(x). We show that c(w) + 3= g(V(v)) +

g(lJCmin) = g, where ¢(w) is the number of homologically independent compact leaves and V() is a small
closed tubular neighborhood. This allows us to prove a criterion for compactness of the singular foliation
F., to estimate the number of its minimal components, and to give an upper bound on the rank rkw, in
terms of genus.
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1. Introduction and statement of main results

Let w be a Morse form, i.e., a closed 1-form with Morse singularities—locally the differential of a Morse
function, on a genus g closed surface M = Mq2 It defines a foliation F,, on M \ Singw and a singular
foliation F,, (with possible singular leaves) on the whole M. A leaf v € F,, is compactifiable if v U Singw is
compact; then the closure 7 is a circle or a segment.

Compact leaves of F,, are circles; connected components of their union are cylinders called maximal
components C["**. Non-compactifiable leaves form minimal components C;’”"; each such leaf is dense in
its minimal component [9, 13]. The number of maximal and minimal components is finite. Obviously, all
components are mutually disjoint and

v = o g

The set |JOC** consists of a finite number of compactifiable leaves and singularities. The set of its
connected components coincides with the set of all compact singular leaves.

We study interrelation of some characteristics of maximal and minimal components. Denote by c(w)
be the number of homologically independent compact leaves of F, and by m(w) the number of minimal
components. Arnoux and Levitt [2] and Maier [14] have shown that m(w) < g. Later it was shown [4] that

c(w) + m(w) < g; (1)

moreover, if the form is weakly generic (each connected component of | dC™*® contains a unique singularity)
then [7]
k(w
c(w)+mw) =g— —(2 )7 (2)

where k(w) = |Singw N{Jint(C™")| is the number of singularities s € Singw “inside” minimal components.
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Levitt [12], Aranson and Zhuzhoma [1], and Kono [11] have studied the structure of quasiminimal

components (which for Morse forms coincide with C}”i") in terms of leaves and singularities. In contrast,
we address their genus. Namely, we show that the genus g(x) of various structural elements of the foliation
is useful for characterization of its topology. Our main result (Theorem 42) is

@)+ Y9V +g(UT™) =0 (3)

where v are all compact singular leaves and V (x) is a small closed tubular neighborhood.
This improves on (1) since the last summand is at least m(w) (Corollary 10), which gives (Corollary 44)

cw)+mw) <g—>_ g(V(y). (4)

Equation (3) also generalizes (2) to a wider class of forms, since k(w) reflects the genus of minimal components
(Theorem 50, Corollary 51). In addition, it generalizes the result of Zorich [18], who showed that for a generic
form (each singular leaf contains a unique singularity) with maximal rank (the rank of the group of periods),

rkw = 2g, it holds
> gCrmy =g. (5)

Indeed, in this special case the two first summands of (3) are zero (Proposition 26), and then (5) follows
from (3) by Lemma 9.

Finally, (3) gives a criterion for compactness of a foliation (Theorem 43): F,, is compact (all leaves are
compact) iff

cw)+ Y g(Vy) =g,

which improves on the condition—criterion if w is generic—for compactness of F,, given by Mel'nikova [15]:
if ¢(w) = g then F,, is compact. In particular, if >, 9(V(v)) = g then F., is compact and all its non-singular
leaves are homologically trivial; moreover, the form is exact: w = df (Proposition 26).

While g(V(v)) depends on the embedding of v in MZ, in some cases we can tell that g(V(y)) > 0
solely on the basis of the structure of 4. Indeed, consider v as a graph. The genus g(v) of a graph is
defined as the minimal integer k such that the graph can be embedded in a surface M?; cf. Figure 8.
Obviously, g(y) < g(V(v)); i.e., the structure of a compact singular leaf considered as a graph can give
useful information about the foliation structure (Corollary 35).

In particular, most of our inequalities still hold, and equalities turn into inequalities, in terms of > . 9(v)
that is independent of the embedding. For example, (4) rewritten as

cw) +mw) <g—> g(7)

still improves on (1).
Since for any leaf v it holds fvw = 0, the structure of compact elements of the foliation defines zero
periods of the form w, which affects its rank (Proposition 26):

rkw + c(w) <2 (g — Zg(V(ﬂ)) , (6)

where each 7 is a connected component of | JOC™**; T is either a compact singular leaf v or a boundary
component § of the set [J,; C7*'™, i.e. {1} = {7} U{d}.
For compact F,, we have (Corollary 28):

tkw < g - 3 g(V(7).
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This improves the result of Mel'nikova [16], who proved that rkw < g.

We consider in detail a class of Morse forms for which compact singular leaves give sufficient information
for (6), i.e., for which > g(V(d)) = 0. Namely, we introduce a class of very weakly generic forms: those for
which each § contains a unique singularity and is thus S*. This class generalizes the classes of generic forms
and weakly generic forms [7].

Minimal components of a very weakly generic form are non-adjacent (C;*" N C/*" = (), so (Lemma 9)

g (Ug™) = 2o
and (3) becomes

cw)+ > gV() + > gCri) =g.

Moreover, for a very weakly generic form the genus g(CJmm) is defined by the number k; = |Singw N

int(C;"")| of singularities inside C§**" (Theorem 47):

. k;
g(crn) =1+ EJ
This further rewrites (3) as (Theorem 50)
k(w
@)+ miw) + B LS i) =, )
g

where is the total number of singularities inside minimal components. Some properties of k(w) are given in
Proposition 49.

For a very weakly generic form the latter equality defines, in particular, the number m(w) of minimal
components—a problem that has received attention in the past [2, 4, 7, 14]. Given the difficulty of exact
calculation of g(V(v)), we also give some simplified estimations of m(w). Note that while (1) is a simple
upper bound on m(w), we are not aware of any lower bound on m(w) existing in the literature.

Consider ker[w] = (z € H(M) | [,w = 0) and the rank h(ker[w]) of its maximal isotropic subgroup
(subgroup consisting of non-intersecting cycles); it is calculated in Lemma 14. Equation (7) implies (Theo-
rem 53)

k(w)

M — h(ker[w]) < m(w) < g-— — c(w)

2
with m(w) > 0 if k(w) > 0; for given g, k(w), and h(ker[w]) the bounds are exact and all intermediate values
are reached.

Since studying the structure of ker[w] can also be difficult, we give a weaker lower bound not involving
h(ker[w]) (Corollary 54):

g—

k(w)
5 -
This bound is efficient only for large rkw, specifically, for tkw > g. However, a “typical” Morse form (in
terms of measure) has rkw = 2g.
Finally we build an example that shows that our system of relations between g, m(w), c¢(w), h(ker[w]),
and k(w) is complete: all combinations of their values allowed by our inequalities are reached even in the
class of very weakly forms; in particular, the corresponding bounds are exact.

m(w) > rkw—g—

The paper is organized as follows. In Section 2 we introduce some necessary definitions and facts
concerning a Morse form foliation and prove some useful lemmas. In Section 3 we study some properties of
isotropic subgroups associated with the foliation; their geometric interpretation is given in Section 4, where
we analyze the topology of |JIC™**. In Section 5 we discuss some properties of minimal components. In
Section 6 we prove our main theorem (3). In Section 7 we study minimal components of very weakly generic
forms and give the estimates on m(w). Finally, in Section 8 we show completeness of our characterization
and in particular exactness of our bounds.



2. Definitions and basic facts

Let us introduce, for future reference, some necessary notions and facts about Morse forms and their
foliations. By M = M 92 we denote a genus ¢ closed orientable surface.

2.1. Morse form

A closed 1-form on M is called a Morse form if it is locally the differential of a Morse function. Let w
be a Morse form and Singw = {p € M | w(p) = 0} be the set of its singularities; this set is finite since the
singularities are isolated and M is compact.

By the Morse lemma, in a neighborhood of s € Singw on M there exist local coordinates (', 2?) such
that w(x) = +aldzt + 22dx?. If the sign is positive then s is a center, otherwise it is a conic singularity.
We denote the set of centers by 2y and the set of conic singularities by i, so that Singw = Q¢ U ;. By
the Poincaré—Hopf theorem, it holds

|| — [0 =29 — 2. (8)

The rank of a closed 1-form w is the rank of its group of periods:

rkw:rk(@{f21w,...,f229w},
where 21, ..., 224 is a basis of H; (Mg2) For an exact form, rkw = 0.
2.2. Morse form foliation

On M \ Singw, the form w defines a (non-singular) foliation F,. A leaf v € F, is compactifiable if
v U Singw is compact (thus compact leaves are compactifiable); otherwise it is non-compactifiable. If a
foliation contains only compactifiable leaves then it is called compactifiable.

Lemma 1 ([7]). Let 1° € F,, be a non-compact compactifiable leaf such that ~° U s is compact for some
s € Singw. Then in any neighborhood of v° =~° U s there exists a compact leaf v € F,,.

The foliation F,, defines a decomposition of M, 92 into mutually disjoint
sets defined below; see Figure 1 [6]:

Mz = (e u (Uepm) v (Unr) usinge. ()

Mazimal components C"** are connected components of the union of all
compact leaves. On M| 3 the notion of maximal component coincides with
the notion of periodic component [14]. Unless Singw = (), each maximal
component is a cylinder over a compact leaf: C["** 2 ~, x (0,1). Consider the
group H,, C Hy (M, g2) generated by the homology classes of all compact leaves:
H, = ([vl,vi € Fo) [4]; ¢(w) = rk H,, denotes the number of homologically
independent compact leaves.

Minimal components Cimm of the foliation are connected components of Figure 1: Decomposition of
. . . . 2. :

the union of all non-compactifiable leaves. A foliation that has exactly one T=: €™ are maximal com-
.. . . . ponents, they are cylinders;

minimal component and no maximal components is called minimal. Each min : o
: X A o ¢ is a minimal component,
non-compactifiable leaf is dense in its minimal component [2, 9]. We denote it is a torus with two holes; the
by m(w) the number of minimal components. components are connectgzd by
Components C["** and C[™" are open; their boundaries lie in the union compactifiable leaves 47 and

. . . e ingularities.
(Uk 7)) U Singw of all non-compact compactifiable leaves and singularities. smguiariies

The number of components, as well as the number of non-compact compactifiable leaves ”yg, is finite.
In homology terms, decomposition (9) implies [4]:

Hi(MZ) = (DH,., iy (| Jocr) , jom (Je™ ), (10)
where D is a Poincaré duality map and ¢, j are the inclusion maps.
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2.8. Singular foliation

While a foliation F,, is defined on M \ Singw, a singular foliation F,, is an equivalence relation defined
on the whole M: two points p,q € M belong to the same leaf of F, if there exists a path o : [0,1] — M
with a(0) = p, (1) = ¢ and w(&(t)) = 0 for all ¢ [3]. A singular leaf contains a singularity.

The singular foliation F, differs from F,, only by possibly merging together some its leaves: indeed,
non-singular leaves of F,, are leaves of F,,; the number of singular leaves of F, is finite, and each such leaf
consists of a finite number of non-compact leaves of F,, and singularities. F,, is compactifiable iff Fo is
compact, i.e., all its leaves are compact.

2.4. Very weakly generic forms

Definition 2 ([3]). A Morse form is called generic if each its singular leaf contains a unique singularity.

On M g2 this is equivalent to the requirement for each non-compact compactifiable leaf of F, to be
compactified by only one singularity, i.e., for its closure to be a circle (as 4! in Figure 1) and not a segment
(as 4Y in Figure 2 (a)). In particular, compact singular leaves of a generic form are figures of eight, as 71 in
Figure 6.

Generic forms are “typical” Morse forms in the sense that
their set is open and dense in the space of Morse forms [3]. A
reader only interested in generic forms may skip the next two
definitions, since all our results are applicable to generic forms.

Definition 3. A Morse form is weakly generic if any connected
component 0;C; of the boundary of any its (minimal or maxi-
mal) component C; contains a unique singularity. @ ®

2 . Figure 2: Foliations on T2 with one minimal
On My, this means that only those non-compact compac- component. The form (a) is weakly generic,

tifiable leaves of F,, that lie outside minimal components are though not generic; the form (b) is not even
required to be compactified by only one singularity, while those very weakly generic.

inside minimal components can form segments; see Figure 2.

Par abus de langage we say that a leaf or singularity is inside a component C if it belongs to int(C). In
other words, a weakly generic form is a form that is generic outside minimal components; in particular, all
compact singular leaves of a weakly generic form are figures of eight.

Definition 4. We call a Morse form very weakly generic if any connected component 9;C™™ of the boundary
of any its minimal component contains a unique singularity.

On Mg this means that only those leaves that lie on the
boundary of minimal components are required to be compact-
ified by only one singularity, i.e., each 9;C™™ is either a circle
7% U s or a single s € Singw inside C™™"; the former are con- -
nected components of dC™". Compact singular leaves of a q q q
very weakly generic form do not have to be figures of eight.

Lemma 5. Ifw is very weakly generic then C"" N C}”i" =0. Figure 3: Minimal foliation on M2 = T? § T%;
cf. Figure 9. Figure adapted from [5].

PRrOOF. Connected components of C™" are circles 40. Out

of local considerations, each such circle separates the C"™" from

not more than one another component, which by Lemma 1 must be a maximal component and thus cannot

be another minimal component. O



For very weakly generic forms, the topology of minimal components is tightly connected with the singu-
larities inside minimal components. Let k; = |int(C"™) N Sing w| be the number of singularities inside C™";

we denote by k(w) = > it ") . the total number of singularities inside all minimal components. In Figure 3,
k(w) = 2. In fact, our results hold for an even wider class of forms, such as the one shown in Figure 2 (b),
but not in Figure 9; however, we will treat such generalizations in a separate paper.

2.5. The genus of a surface

Definition 6. The genus g(S) of an orientable surface S is the maximum number of cuttings along closed
simple curves without increasing the number of its connected components.

For closed surfaces, g(MZ) = g. Let S € M7 be a closed subset, obviously, g(5) < g.
Lemma 7. Leti: S — M] be a surface with boundary, i, : Hy(S) — Hy(M7). Then keri, = 0.

PROOF. Denote M = M(? Consider the long exact sequence of the pair (M, S):

- — Hy(M) -1 Hy(M, S) 25 Hy(S) 25 Hy (M) — ...

Since Hy(M) = H2(M,S) = Z and im j = ker 0, = Z, we have imd, = 0 = keri,. O
Corollary 8. The closed curves ay, ..., o) from Definition 6 for S C M(? are homologically independent

Let us consider some subsets of M g2 covered by minimal components:

Lemma 9. For a Morse form foliation it holds
(i) g(Cmim) > 1,
(i) 9 (U, &™) = 3, 9(6™).

For a very weakly generic form, the latter turns into equality g (U7 ijm) = Zj g(C;’“")

PROOF. (i) A subset cmin C M, 3 admits a flow having a dense orbit (transitive flow), so it is connected and
9@ 0 [10] | o
(ii) Consider two minimal components, C; = C*" and Co = CJ*". If C; N Cy = () then, obviously,
g(CLUCy) = g(Cy) + g(Cg) In particular, by Lemma 5 this holds for all minimal components of a very weakly
generic form. Now let C; N Ca # 0; then C; N Ca C AC1 U OCa, so by definition, g(C1) + g(C2) < g(C1 U Ca).
Induction on the number of minimal components completes the proof. O

O
= O

Corollary 10. g (Um(w) Cmm) > m(w).

For a Morse form that is not very weakly generic a strict inequal-
ity can hold:

— O
-0

Example 11. Consider a foliation on M3 covered by two minimal
components C/*" as in Figure 4. We have g(C{"") = g(Cy") = 1
and g(U C;nm) =3, so Zj g(cjmm) < g(U C;nm) Figure 4: Two tori with a winding (C]"”")

are connected by means of two holes,
forming an M32

3. On some maximal isotropic subgroups in H; (M)

A singular foliation F, has three types of leaves: compact non-singular leaves, compact singular leaves,
and non-compact leaves. We consider their geometric characteristics: isotropic subgroups generated by
leaves (this section) and the genus of a neighborhood of a leaf (below).
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3.1. Intersection of cycles and isotropic subgroups
Consider on H; (M, 92) the intersection of cycles
 Hy(M7) x Hy(M7) — Z;
it is skew-symmetric and non-degenerated.

Definition 12. A subgroup H C H; (MQQ) is called isotropic with respect to the cycle intersection - if for
any z,2’ € H it holds z - 2/ = 0.

Obviously, for an isotropic subgroup H C Hl(MgQ), it holds rk H < g.

Definition 13. Isotropic rank h(G) of a subgroup G C H; (Mg) is the rank of a maximal isotropic subgroup
HCG: h(G)=r1kH.

For M, 3 (unlike higher-dimensional case) isotropic rank is well-defined because rk H does not depend on
the choice of H:

Lemma 14 ([7]). Let G € H1(M?). Then
1
h(G) =1k G — 3 k|2 - 2],

where {z;} is any basis of G.

Corollary 15. For G C Hi(M?), it holds h(G) > 51k G.

1
2

The value h (H,—1(M)), n = dim M, properly generalized, is an important topological invariant of a
manifold denoted by h(M) [4, 16, 17]; specifically,

B (H1(M2)) = h(M) = g. (1)
For a surface S C M we denote h(S) = h(H:(S)); the isotropic rank does not depend on the inclusion:

Lemma 16. Leti: S — Mg2 be a surface with boundary and G C H1(S) be a maximal isotropic subgroup.
Then i.G is a mazimal isotropic subgroup in i, Hy(S) C Hi(M?) and rk(i.G) = 1k G, i.e. h(i(S)) = h(S).

PROOF. Obviously, .G C i, H;(S) is a maximal isotropic subgroup. By Lemma 7, keri, = 0, so rk(i.G) =
rk G. O

Let us consider an important example of a maximal isotropic subgroup on a surface:

Proposition 17. Let S be a compact orientable surface with boundary 0S = |J0;, 9; = S, and «,
1=1,...,9(5), be simple closed curves from Definition 6 that define its genus. Then

H = ([oa],...,[eg], [Oh], ..., [0])
is a maximal isotropic subgroup and
h(Hy(5)) = g(5) + rk([0;]).

In addition, there exist non-intersecting curves [Bi,...,0Bq C S such that [oy] - [B;] = ;5 and 9; N B; = 0.
The cycles [, [B5], [Ok] € H1(S) are related in the following way:

rk([ail, [85]; [0k]) = 29(S) + rk([Ok])-
7



This proposition generalizes (11) and allows one to study submanifolds.

PROOF. Since a; Ny = ;NI = 9; N I; = B, the subgroup H is isotropic. Let us show that it is maximal.
Consider a cycle z € H1(S) such that z- H = 0. Realize z by a curve a, aNa; = ). Denote by S’ the result
of cutting S open along all ;. By construction, S’ is a sphere with holes and o C S’. So any connected
component of « splits S’ up and thus is induced from 85" = S U (U(e; U, )), where i are two copies
of a;. This implies z = [a] € ([ai], [0;]) = H.

By the choice of «;, we have H = ([aa]) @ -+ @ ([ag]) ® ([D1],---,[D]) and [oy] # 0, which gives

Gluing up S by disks we obtain M, 3, where the desired curves 3; exist; without loss of generality we can
suppose 3; C S.

Now let z € ([ai], [35]) N ([Ok]); then

z= Zn?[ai] +an[ﬁj] = mi[0].

k

Since 0 Na; = 0, we obtain z - 3] = 0, so n{* = 0; similarly, all nlﬁ =0, i.e. z=0. Thus ([a;], [G;], [Ok]) =
(las], [B5]) @ ([0k]). Obviously, ([as], [65]) = ([au]) & ([B;]) and rk([eu]) = rk([5;]) = ¢(S). This implies
rk([ail, (8], [Ok]) = 29(5) + rk([Ok])- 0o

Note that
rk([0;]) = #(95) — #/(9),

where #(*) is the number of connected components and #’(*) is the number of connected components with
non-empty boundary, and thus

h(H1(S)) = g(S) + #(95) — #'(9).
3.2. Isotropic subgroups associated with the foliation

Since leaves of a foliation do not intersect, isotropic subgroups related with the foliation can be used to
describe its geometrical structure.

Compact leaves generate an isotropic subgroup H,, C Hy(M}); denote c¢(w) = rk H,,.

Compact singular leaves correspond to closed curves lying in | JOC]***; see (9). These closed curves
generate a subgroup G. = i.H1(|JIC;"**); i is the inclusion map. The subgroup G, is not necessarily
isotropic (see Figure 5); though for a weakly generic form it is (see Lemma 18 below). Since any compact
leaf in CJ’-”“”” is induced from 8C}”‘”, we have H, C G,.

Note that for any closed curve 7 lying in a leaf of the foliation, it holds f,y w = 0. Thus
H, C G, C ker[w], (12)

where kerlw] = {z € Hi(M?) | [,w = 0}. The subgroup ker[w] can be isotropic, but in general it is not.
Consider isotropic ranks of the groups from (12), then

c(w) < he(w) < hker[w]) < g. (13)

where h.(w) = h(G,) is the number of non-intersecting cycles lying in the boundaries of maximal compo-
nents—some of them are homologous to compact leaves; recall that c(w) is the number of homologically
independent compact leaves of F,, and h(kerw]) is the number of non-intersecting cycles with zero integral.

These three numbers characterize the geometrical structure of F,,. In the remainder of this section we
will study the inequality (13).

If rkw = 2g, we have ker[w] = 0, so h(ker[w]) = he(w) = ¢(w) = 0. This is a trivial case: if g # 0 the
foliation consists of minimal components and (optionally) homologically trivial compact leaves.

Consider the lower bound in (13).



Lemma 18. For a weakly generic form, c(w) = he(w).

PROOF. For a weakly generic form we have G. C H,,. Indeed, each connected component v of | J ; oC* is
O-shaped or 8-shaped; Lemma 1 gives i, Hi(vy) C H,. o

The condition for w to be weakly generic is important: Figure 5 shows the
case 0 = ¢(w) # he(w) = 1. In the next section we will discuss the difference
he(w) — ¢(w) and its geometric meaning.

Now consider the upper bound in (13). By Lemma 14 and since rk ker[w] =
2g — rkw, for h(ker[w]) we have

g — rkw < h(ker[w]) < min(2g — rkw, g).

In particular,

0< h(ker[w]) <g. (14) Figure 5: Decomposition of

T2 contains two Ce* and

If rkw = 0, we have h(ker[w]) = g. In fact this holds for any compactifiable a unique compact singular

foliation (see Corollary 41 below). leaf v that glues them to-

gether. In this case the sub-

Denote S = (JC™" the minimal part of the foliation; let j : S < M7 be group Ge = ixHi(y) coin-

the inclusion ma : cides with the whole group
b Hy(M2).

Lemma 19. If ker[w] N j.H1(S) C G. then he(w) = h(ker[w]).

PrOOF. Rewrite (10) as

HI(M) = <DHwa Gca ]*HI(S» (15)
Let ker[w] N j.H1(S) C G.. Consider a maximal isotropic subgroup H C ker[w|, H 2 H,; then H C
(Ge, j«H1(S)) Nker[w] C G, which with (13) gives h(ker[w]) = rk H = h(w). ad

Geometrically this means that rkw is maximal in the set S = F ijﬁ
Lemma 20. kerjw] N j.Hi(S) C G, iff rkw|s = 2¢(S5).
PRroOOF. Consider the exact sequence of a pair:
. Hy(DS) 25 Hi(S) L5 Hi(S,08) — .

Then Hy(S) = a. H1(0S) ® B H1(S), where 5, H;(S) contains only the cycles not induced from 9S. Since
08 C |JaCm = we obtain j.a.H1(9S) C G, C ker[w]. Thus

ker[w] N j.H1(S) = jia. H1(0S) @ (ker[w] N ji. 8. H1(9)) .

So the condition ker[w]Nj. H1(S) C G, is equivalent to ker[w]Nj. B« (H1(S)) = 0, i.e., rkw|s =tk B (H1(5)) =
29(5). 0

Corollary 21. If F,, is compactifiable then h.(w) = h(ker[w]).

4. Topology of the compact part of the foliation

Let M 92 = CUS, where C = [JC"® is the compact part of the foliation and S = |JC™" is its minimal
part; CNS = 9C = 3S. Note that the boundary may contain singularities. In the previous section we have
briefly discussed the minimal part S; in this section we study the compact part C.

Consider |JAC]*** C C. Denote by 7 a connected component of [ JACT***. If 7 C int(C'), it is a compact
singular leaf, as 71 in Figure 6; it can also be a part of a non-compact singular leaf consisting of compactifiable
leaves and the corresponding singularities, as m in Figure 6.
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The boundary of C' may contain singularities, as in Fig-
ure 6 (a), so we consider its small closed neighborhood C,
as in Figure 6 (b). The boundary of Cis non-singular, it
consists of non-intersecting circles. In addition, the homol-
ogy groups of C' and C are isomorphic, H;(C) = H1(C).
Denote by V() a small closed tubular neighborhood of
T C 0C, then

1" o~
NeF

Figure 6: (a) Mg2 = CUS; S is a torus with winding;
71 = 7 is a compact singular leaf, 72 is a part of a
non-compact singular leaf. (b) C is a small closed
4.1. Isotropic rank h(C') of the compact part neighborhood of €, C = S1.

C=CU U V(7).

TCoC ®)

Denote by i : C — M? the inclusion map.

Recall that h(C) = h(H1(C)); see (11). Obviously, |JIC;*** C C, moreover, it defines a maximal
isotropic subgroup in C:

Lemma 22. h(C) = h.(w)

PROOF. Since |J 0C™** C C, it holds h.(w) < h(C). Consider a maximal subgroup G C i,.H1(C) such
that H, C i.G. By (15) we have i,G C G, which implies rk(i,G) < h.(w). By Lemma 16 it holds
h(C) = 1k(i.G), so h(C) = he(w). ]

Therefore it is sufficient to consider a maximal independent isotropic system of cycles in | J oC**; their
number is h.(w). These cycles are of three types:

— those induced from maximal components C/"**, such as the side circles of 75 in Figure 6; their number
is c(w);

— those not induced from maximal components but induced from minimal components C™"  such as
the middle circle of 75 in Figure 6; their number is denoted below by A;

— own cycles of | J oC;"** not induced from anywhere else, such as the cycles in Figure 5; the number of
such cycles in a given 7 C JIC"** is g(V (7)), the genus of its small closed tubular neighborhood.

The following theorem formalizes these considerations and characterizes c(w) and h.(w) from (13). De-
note D = (i.[0] | 7 C JAC***) C H1(M), where 97 C OV (7) are connected components of V(). Denote
D.=DNG, and A =1k(D/D,.).

Note that

kD, = c(w). (16)
Indeed, by definition tk D, < ¢(w). On the other hand, each maximal component contains a curve 9] and,

obviously, i.[0]] € D, so c(w) <1k D,.

Proposition 23. For a Morse form w it holds

he)=cw)+ > g(V(r)+A. (17)

rcyacyas

PRrROOF. Recall that he(w) = h(G.), where G, = i, H; (| BC;”“””) . Consider a small closed tubular neighbor-
hood V(1) of each 7 C (JOC]*** such that V(7) NV (') = 0. Note that Hy(7) = H1(V(7)).

Let us construct a maximal isotropic subgroup H, C H(V (7)) as in Proposition 17, i.e., H; = ([a]]) ®
([07]), where o] are those curves from Definition 6 that define the genus of V(7) and 0] are connected
components of V(7). Consider

H=(i,H. | c|Joc]™) C G.
10



It is easy to see that H is a maximal isotropic subgroup, so rk H = h.(w).
By construction,
H = (i[a]]) @ (i.[0]]). (18)

By Corollary 8, all i.[a]] are independent, thus
rk(ic[a]]) = Y g(V(7)). (19)
Recall that (i.[0]]) = D, which is free abelian. By (16) we have rkD = c(w) + A, where A = rk(D/D,),
which together with (18) and (19) gives (17). O

Remark 24. For a weakly generic form,

he(w) = c(w) +Y_ g(V(7)),

where v are compact singular leaves.
Indeed, if w is very weakly generic then in Proposition 23 each 7 C 9C is S' and attaches one maximal
component, so V(1) is a cylinder; thus g(V (7)) = 0 and A = 0. If 7 Z OC then it is a compact singular leaf

Y-

The following fact improves on Lemma 18:

Corollary 25. If ¢(w) = h.(w) then for any compact singular leaf v it holds g(V (7)) = 0. For very weakly
generic forms the converse is also true: if g(V(v)) =0 for all v then ¢(w) = he(w).

4.2. The form’s rank and the structure of the compact part

Since for any leaf « it holds fv w = 0, the compact part C of the foliation includes zero periods of w and
therefore defines its rank.

Proposition 26. For a Morse form w on M(? it holds

rkw + ¢(w) <2 <g — Zg(V(T))) . (20)

In particular, if tkw > 2g — 1 then all g(V (7)) = 0.
PrOOF. For any z € G, =i, H; (U 80;”‘””) it holds fz w = 0; so
rkw < 2g —rkG.. (21)

Consider a small closed tubular neighborhood V(1) of each 7 C |J9C]***, such that V(7)NV (7’) = (). Then
H, (1) = Hi(V(7)), so for any z € i, H1(V (7)) it holds [, w = 0.
Choose the curves a7, 3] C V(1) as in Proposition 17, i.e., such that o] define g(V(7)) and [o]] - [3]] =

dij. Let G = (i[af],i[B]],Dc) C G.. Obviously, tkG < rkG,, so by Lemma 7, Proposition 17, and (16)

we have tkG =25 _g(V (7)) + ¢(w), which together with (21) gives (20).
Ifrkw>2g—1then2) _g(V(r)) <1—-c¢(w)<1,50 ) g(V(r)) =0. O

Corollary 27. It holds > g(V (1)) < g. If > g(V(7)) = g then the form is exact: w = df, the foliation is

compact, in particular, all T are compact singular leaves: 7 =y, and c¢(w) = 0.
The first fact follows also from Corollary 8. Proposition 26 and Theorem 43 below imply:

Corollary 28. For compactifiable F,, it holds rkw < c(w), or, in terms of compact singular leaves:

w < g3 g(V(y).
This Corollary improves on the result of Mel'nikova [16] who proved that rkw < g.
11



4.3. Calculation of g(V (7)) in terms of singularities in -y

Denote by d(v) the number of maximal components glued to a compact singular leaf ~.
Lemma 29. g(V(7)) =1+ 3(lyNn | —d(v)).

PRrOOF. The foliation F,, defines a foliation on V(). Without loss of generality we can suppose that the
connected components of OV (y) are leaves of F,,. Glue up 9V () by disks and continue the foliation to these
disks with one center in each, so that the number of centers is deg v; see Figure 7. The constructed surface has
a foliation with d(y) centers and |yN$4 | conic singularities, while by (8) we have |[yNQy|—d(y) = 2g(V (y))—2.

O

Corollary 30. g(V (7)) > 1 iff [y N | > d(v).
Remark 31. If w is weakly generic then for any « it holds |y N Q4] = 1 and d(v) = 3, so g(V (7)) = 0.

4.4. Compact singular leaf as a graph

We can consider a compact singular leaf v as a graph; loops and multiple
edges are allowed. Recall that

q p
y=U»uUss
i=1 j=1

where 7 are compactifiable leaves of F,, and s; € Singw are singularities.
Vertices of the graph are singularities s; and edges are compactifiable leaves

79, This gives information concerning the structure of compact singular leaves: Figure 7: A tubular neigh-

borhood V() of a compact
Lemma 32. A compact singular leaf v contains an even number of compacti- singular leaf «y can be glued
fiable leaves, ¢ = 2|y N Q4|. In addition, vk Hy(y) =14 |y N Q4. up by deg~y disks.

PRrROOF. For the number of vertices p it holds p = |[yN€2;|. Since all singularities are conic, we have deg s; = 4
for all s;, i.e v is a 4-regular graph. So by Euler theorem, the number of edges (in our case, compactifiable
leaves) is even: ¢ = 2|y N Q4]. For the cycle rank m(y) we have m(y) =¢—p+1=|yN Q|+ 1 [8]; on the
other hand, m(y) = rk Hy (7). m|

For example, the complete graph on five vertices K5 can be a compact singular leaf; the number of
vertices p(K5) = 5, its cycle rank m(K5) = 6; see Figure 8.

Definition 33. The genus of a graph - is the minimum genus of a surface M, 92 in which the graph can be
embedded without any crossings. A planar graph has genus 0.

Recall that V() is a small tubular neighborhood of ~;
obviously, g(v) < ¢g(V(v)). Consider all compact singular
leaves v as graphs. Then

g <D gV <g. (22)

Ks Kss

Figure 5 gives an example of a strict inequality: a planar sin-

gular le.af with g(V(v)) = 1. Obviously, g(V(v)) = 0 implies Figure 8: A graph is planar iff it contains no sub-
that v is planar. graph homeomorphic to one of these two graphs.

For example, g(K5) = 1.

Kuratowski’s theorem states that a finite graph is planar if and only if it does not contain any subgraph
homeomorphic (equal up to vertices of degree two) to K5 or K3 3 [8]; see Figure 8. In particular, if [yNQ4] < 4
then the graph is planar. For example, if w is generic or weakly generic then each compact singular leaf ~y
is a figure of eight, which is planar. While the number of planar singular leaves is unlimited, there can be
only few non-planar ones:

12



Lemma 34. Let n be the number of non-planar compact singular leaves. Then:

(i) n<g;

(i) 7 < 5|Q1] = (29 — 2+ [);

(iil) If the total number of compact singular leaves |{v}| > |Q1| — 3, then n = 0.
PROOF. (i), and even stronger n <> g(V (7)), follows from (22). (ii) follows from Kuratowski’s theorem:
a non-planar graph has at least 5 vertices; the equality in (ii) is by (8).

(iii): Suppose there exists a non-planar leaf ; then |y N | > 5,50 35 [y N Q[ =5+ [{7}| — 1. Since

] =30 [y N, we obtain [{7}| <[] — 4, a contradiction. ad

The topology of one compact singular leaf influences the topology of the whole foliation. Indeed, Propo-
sition 23 and Proposition 26 imply:

Corollary 35. If there exists non-planar a compact singular leaf, i.e., g(y) > 1, then
(i) c(w) < he(w),
(i) e(w) <29 —2—rkw,

(iil) rkw < 29— 2.

For example, a foliation with a non-planar compact singular leaf on a torus 72 is compactifiable.

5. Topology of the minimal part of the foliation

Recall that M 92 = CUS, where C' = |JC7"** is the compact part of the foliation and S = Jcmin is its
minimal part; C NS = 9C = 9S. In this section we study the minimal part S: namely, we construct its
maximal isotropic subgroup and calculate its genus g(.5).

5.1. Maximal isotropic subgroup of the minimal part

The boundary of S may have singularities, so we consider its small closed tubular neighborhood S
such that 0S5 is non-singular and consists of non-intersecting circles. It has the same homology group

H,(S) = Hy1(S) and genus g(5) = g(9).

Namely, S is constructed as follows: For each connected component 7 C 39S = 9C of the boundary,
consider its small closed neighborhood V(7). Then

S=5uU U V(7).
7COS
Associate with each V(1) a maximal isotropic subgroup H, C H;(V(7)). By Proposition 17, we can choose
H. = ([a]]) © ([9]]), where the curves o] from Definition 6 define the genus of V'(7) and 97 are connected
components of OV (7).
Consider the curves o C V(1) in connection with S:

Lemma 36. The set §\ U,cos.: @f has the same number of connected components as S. In addition, a
system {al} defining the genus g(U,co5 V(7)) can be extended to a system of curves {af'} defining the
genus g(S), i.e. {al} C {a?}.

PRrROOF. Without loss of generality suppose that S is connected (otherwise consider one connected compo-
nent). By construction,

S\ U og=[5\UoT|u U <V(T)\Uag> .
7CHS,1 T, T7COS i

Denote S° = S\ U, ;o] and V) = V(7) \ ; o] . Since a] C 95, the set S” is connected; by definition of

al, the sets V? are also connected. In addition, S® N V% # @ for all 7 C 8S. This implies that S® UV is

connected, and so is S U(J, V9. Therefore S\ |, ;o is connected as well. ]

13



Now consider the curves 97 C dV/(7) in connection with S. Denote j: S M 3.

Lemma 37. For any system of curves {a} defining the genus g(S) it holds
(107] | 7 € 0S) € (julo?]) & Ho.

PROOF. Since 7 C 08, there exist two types of boundary components 97 C 9V (7): 97 (S) C int(S) and
or(C) c 1nt(C) Obviously, 07 (C') ~ v; for some compact non-singular leaf ;.

Let S = Ul 1 Sl, where § are its connected components. Denote by S’ the result of cuttmg S open
along the curves aS then S’ has the same number of connected components: S = Ui:l S{. Note that all
S’ are spheres with holes and 88’ Casu UaSi. In addition, 8S = J&7(C) = U, where ; C C are
compact non-singular leaves. .

Each 0] = 9](5) C int(S) splits up some S%, so we obtain [0 (S)] € ([aF],[07(O)]), ie. j.[0F] €
(jula?], Hy). Let z € (j.[af]) N H,, then

Z—Zmz]* Zl ’71

(37] = bix (Proposition 17); then z - j.[37] = my = 0, since v; N B¢ = 0.
VHy) = (jula?]) © He. O

Consider 3§ C S such that [0
This gives z = 0 and thus (j.[a

I
;]

Now let us construct a maximal isotropic subgroup Hgz C H; (§) = H;(S). Suppose that the curves af
define the genus g(U,cpg V(7). By Lemma 36, we can choose the system {a#} such that {af} D {al}.

Denote j, : V(1) < S.

Proposition 38. The subgroup

Hg = {[a}), jreHy |i=1,...,9(S), 7 C9S) C Hi(S)
is maximal isotropic.

PROOF. By construction, all curves ] C V(7), 7 C 95, are included in the system {7} defining the genus.

The remaining curves o can be chosen such that o NV (7) = (), so the subgroup H g is isotropic. Consider
a cycle z € Hy(S) such that z - Hz = 0 and realize it by a curve a C S with ana’ =anadr = 0.

Denote by S’ the result of cutting S open along the curves o C S\ U, V(r) and 7; it breaks up into
some neighborhoods V'(7;) and some S} which are spheres with holes, S = V(1) UUS!. Let ap C @ be
a connected component. If ag C V(7;), the condition [ag] - H-; = 0 implies [ao] € jr,«Hr, C HS, since the

subgroup H; is maximal. If ag C S, it splits S} up and thus is induced from 9.5} C U Tua? v, 97,

where af® are two copies of af. This implies [ag] € ([07], jr+10]]) C H3.
Recall that a = (Jao is the union of its connected components, so z = [a] € Hz and therefore the
subgroup Hgz is maximal. O

5.2. Genus of the minimal part

Recall that M 2 = CUS. We have constructed maximal isotropic subgroups of rank h.(w) in the compact
part C' and of rank g(S) in the minimal part int(S), respectively. They combine into a maximal isotropic
subgroup H C Hy(M, g2) of rank g. However, they have some cycles in common:

Proposition 39. For a Morse form w on MQQ,

he()+9(8)— D g(V(n)-A=g (23)

TCOS=8C
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PROOF. Consider C = C' U Urcoc V(7) and S=5U U,cos V(7). In Propositions 23 and 38 we have
constructed maximal isotropic subgroups Hz C H 1(C) and H gCH 1(S), respectively. Let i: C < M - and

j: S — M2 be inclusion maps. Then i.Hz C i Hl(C) and j.Hg C j*Hl(g) are also maximal isotropic
subgroups. By Proposition 23 we have

iHg = (ix[af],i.[0]] | 7 < | Jacy ), (24)
where o define the genus of V(7) and 97 form its boundary. By Proposition 38,
joHg = (3.[0]], j:[o7] | 7 C 0S),
where o define the genus of S. In ‘addition, by Lemma 36 we can choose the system {a?} such that
{a?} D {al}, where 7 C 9S. Since i(C N S) = j(C'NS), we have i.[07] = j.[0F] for any 7 C 8S. Denote

H = (i.Hg, j.Hg) = (i.la]),i[0]], ju[of] | T < [ ac) ). (25)

Obviously, H C Hy (M, 2) is isotropic; let us show that it is maximal.

Consider z € Hl(Mz) z+- H = 0; in particular, z - i,[0]] = 0, 7 C 95, so z = [ac]| + [as] + [av], where
ac C int(C), ag C mt(S), and ay C |J,cygint(V(7)). Without loss of generality we can assume that
acNS =0and agNC = 0. The equation z- H = 0 implies z - i»Hg =0, s0 ([ac] + [av]) -i.Hg = 0. Since
acUay C C, the cycle [ac]+[av] € i,H (C). The subgroup i+ Hg is maximal, thus [ac]+[ayv] € i.Hz C H.

On the other hand, z - j.[af] = 0. Recall that by construction there are two kinds of a: the curves
af C int(S) and o C int(V (1)), 7 C 9S. The former set implies that [as] - j«[aF] = 0. Since also
[as] - i.[0]] = 0, we obtain [ag] € j.Hg C H. Therefore z = [ac] + [as] + [av] € H, ie., H C Hi(M?) is
maximal; by (11), tk H = g.

By (24) and (25) we have

rk H = rk(i Hg) + tk(ji[a7]) — k(i Hg N (ju[of]) = 9. (26)
Lemma 22 gives rk(i»Hz) = he(w) and Corollary 8 gives rk(ji.[aF]) = g(S). So
he(w) +9(8) = k(i Hg 0 (. [])) = 9. (27)
Now we only need to calculate rk(i, Hz N (j.[af])). By (24),
iHg 0 (jlef]) = (o)) N Gelad]) U (G[07]) N Galad]) -
The union is disjoint since af N 97 = 0, thus
tk(icHg N (7:]a7]) = tk((i[af]) N (Ga[a?f])) + rk((@[07]) 0 (G []))- (28)

By construction, for the first summand we have

tk((i-[of]) N (ulad]) = D g(V(7)). (29)

TCOS

Consider the second summand in (28). Recall that D = (i.[9]] | 7 C [JIC***) and D. C D is a subgroup of
elements homologous to a union of compact leaves; cf. Proposition 23. Thus (i.[07])N{j.[a}]) = DN {j.[a?]).

Let z1,...,2r € DN {j.[a?]) be a basis. Consider z; + D, € D/D,. and suppose that Z:m(zZ +D.) =0,
i.e., 2= Y n;z € D.. Then there exist compact non-singular leaves v; C C'\ S such that z = 3 ;[y]. On
the other hand, z = Y m;j.[a]. We obtain

2=y Ll =) mijla
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Consider closed curves 35 C S such that [af] - [f] = 6 (Proposition 17); then z - 4,[8f] = my = 0 since
v N B¢ = 0. This gives z = 0 and all n; = 0, i.e., 2 + D. are independent. Thus k(D N {j.[a?])) <
tk(D/D,) = A.

Now let uy + De,...,ua + D, be a basis of D/D.. Then u; ¢ D, and we can choose u; € (j.[0]] | 7 C
98) C (ju[a?]) ® H,, (Lemma 37). Since u; ¢ D., we have u; € (j.[07] | 7 C 9S) N (j.[aF]) € DN (i [a]),
ie. A <tk(D N (j.[aF])).

Thus k(D N (j.[aF])) = A, which together with (27-29) gives (23). O
Remark 40. For a very weakly generic form,

hc(w) + g(S) =9
The proof is as in Remark 24.

Finally, together with (13), Proposition 39 gives:

Corollary 41. If F,, is compactifiable then

he(w) = h(ker[w]) = g.

6. Structure theorem

Our main result summarizes our study of geometry of minimal components and compact singular leaves
of a Morse form foliation:

Theorem 42. Let w be a Morse form on Mg Then

m(w)

@+ 9V +g| U | =g, (30)

where c¢(w) is the number of homologically independent compact non-singular leaves; m(w) is the number of
minimal components; V(%) is a small closed tubular neighborhood; and g(x) is the genus of a surface. The
summation is taken over all compact singular leaves 7.

The proof is obtained by summing up the results of Propositions 23 and 39.

This theorem immediately gives an important criterion for compactifiability of an arbitrary Morse form
foliation; cf. [15]:

Theorem 43. The foliation is compactifiable iff

cw)+Y gV(v) =g
el
Together with Lemma 9, Theorem 42 gives an upper bound on the number of minimal components m(w)
that is better than one given by (1):

Corollary 44. For a Morse form w it holds

c(w) +mw) <g=Y g(V(x).

v

Lemma 9 and Remark 31 refine Theorem 42 for (very) weakly generic forms, respectively:
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Corollary 45. For a very weakly generic form,

m(w)
cw)+ Y gV + > g(Crim) = g.
¥ 1=1
Corollary 46. For a weakly generic form,
m(w)
cw)+ Y gCrim) =g
j=1

7. Minimal components of a very weakly generic form in terms of singularities

We will study the relation of topology of minimal components of very weakly generic forms with the

number of singularities inside them. Namely, we calculate the genus ¢(C™") and the number of minimal
components m(w) for such forms in terms of k(w)—the number of singularities inside C™*".

7.1. Singularities of a very weakly generic form inside minimal components

Recall that we say that a singularity s is inside a component C if s € int(C).

Theorem 47. Let w be a very weakly generic form on Mg, C™m q minimal component, and k = | Singw N
int(C™)|. Then
. k
g(Cmin) =1+ 3

In particular, the number of singularities k inside a minimal component is even.

PROOF. Denote C = C™". Since each connected component 9; of OC contains one singularity, by Lemma 1
it locally attaches one maximal component C;"** to C. Cut each C{"** off C, replacing it with a disk Djz,
and continue the foliation to these disks with one center in each. Let this new manifold M’ have genus ¢;
obviously, g’ = ¢g(C). Apart from k conic singularities inside C, the foliation on M’ has a center in each DJQ-

and a conic singularity on 8D]2. By the Poincaré—Hopf theorem, k = 2¢’ — 2. O
The condition for the form to be very weakly

generic is important: for a not very weakly generic / ><

form the number of singularities k£ inside a min- / 0

imal component does not have to be even. A L

counter-example is shown in Figure 9: a unique
singularity ¢ inside the only minimal component
on a double torus.

(@ (®)
Figure 9: (a) Not very weakly generic foliation on T2 § T2,
obtained by transforming the generic foliation shown in Fig-
ure 3 by adding a center as shown in (b); shaded is the minimal

Lemma 9 gives:

Corollary 48. For a very weakly generic form,

) component.
" min k(w)
=1

where m(w) is the number of minimal components and k(w) = |Singw N {Jint(C™")| is the total number of
singularities inside minimal components. In particular, k(w) is even.

Let us study the properties of k(w):
17



Proposition 49. Let w be a very weakly generic form on M = M37 g>1. Then:

(i) It holds
0<k(w)<29-2 (31)

on a given M all even values within these bounds are reached; in particular, the bounds are exact.
(i) k(w) =0 (lowest) iff all minimal components are tori with holes (have genus one).
(iil) If g > 2, then k(w) = 29 — 2 (highest) iff there exists a minimal component with g(C™") = g.

The latter condition, obviously, means that there is exactly one minimal component C™" (m(w) = 1)
with C™" covering M with possible holes; in particular, ¢(w) = 0.
PROOF. (i) Corollary 48 gives k(w) < 2g, while k(w) = 2g implies m(w) = 0 and thus k(w) = g = 0. Since
k(w) is even, we have k(w) < 2g — 2. That all even values within the bounds are reached follows from
Theorem 55 below.

(ii) This follows from Theorem 47.

(iii) If ¢ > 2 then k(w) = 29 — 2 # 0, thus m(w) # 0, while Corollary 48 implies m(w) < 1. By
Theorem 47, g(C™") = g, i.e., g(M \ C™") = 0. The converse follows from Theorem 47. |

Note that the lower bound is reached, in particular, on compactifiable foliations, and the upper bound
on minimal foliations.

7.2. Number of minimal components

There are known upper bounds on the number of minimal components: m(w) < g [14], m(w) < g —
c(w) [6]. For a very weakly generic form, Corollaries 45 and 48 give an equality:

Theorem 50. For a very weakly generic form,

miw) =g - <c<w> F 0 ) + @) , (32)

where V(v) is a small tubular neighborhood of a compact singular leaf .

It is known that for a weakly generic form it holds [7]:

),

cfw) +m(w) = g — =5

(33)
The following corollary generalizes this fact and clarifies its geometrical meaning:
Corollary 51. For a very weakly generic form, (33) holds iff g(V (7)) =0 for any compact singular leaf ~y.

Let the foliation have at most one minimal component and no singularities inside it:

Lemma 52. For a very weakly generic form with m(w) <1 and k(w) =0,

h(ker[w]) = g — m(w). (34)
PROOF. Theorem 50 and Remark 24 imply h.(w) = g — m(w). If m(w) = 0, Corollary 21 gives h(ker[w]) =
he(w). If m(w) = 1, by Proposition 49 (i) the minimal component C™™ is a torus with holes; thus
rkw|m =2 =2¢(C™"). Lemmas 19 and 20 imply h(ker[w]) = h.(w). O

It can be difficult to calculate g(V ()) for compact singular leaves . We can, however, give lower and
upper bounds on the number of minimal components m(w) that are weaker than (32) but do not involve

g(V(7)):
18



Theorem 53. For very weakly generic forms w on Mg it holds

g— ——= — h(ker[w]) < m(w) < g — —= — c(w). (35)

In addition,

(i) if k(w) >0, then m(w) > 0;
(ii) if k(w) =0 and h(ker[w]) = g, then m(w) # 1.

On a given M the bounds given by the system (35) and (i) are exact, and all intermediate values are
reached except for the case specified in (ii).

Note that if k(w) = 0 and h(ker[w]) = g, then m(w) =0, ,2,3,...,g. In addition, if k(w) = 0 then the
left side of (35) is non-negative and the bound given by (35) alone is exact.

However, if k(w) > 0 then the left side of (35) can be negative. For example, if rkw = 2 and the foliation
is minimal, then h(ker[w]) > g —1 (Corollary 15) and k(w) = 2g — 2 (Theorem 47). So g— @ — h(ker[w]) <
2 — g <0 for g > 3. In this case, (i) gives a better bound.

PROOF OF THEOREM 53. Theorem 50 and Remark 24 imply m(w) = g — @ — he(w). Since (13) implies
c(w) < he(w) < h(ker[w]), we obtain (35). Ttem (i) is obvious; (ii) is by Lemma 52. Exactness of the bounds
and existence of all intermediate values are shown in Theorem 55 below. In particular, Lemma 19 gives a
sufficient condition for reaching the lower bound, and Corollary 51, upper. O

The value of m(w) can vary by h(ker[w]) — c¢(w), cf. (13). We can also bound m(w) in terms of rkw:
Corollary 54. For very weakly generic forms on Mg2 it holds

m(w) Zrkw—g—@;

if tkw = 2g (the highest), then

PROOF. Since h(ker[w]) < rkker[w] = 2g —rkw, Theorem 53 gives the inequality, which by the upper bound
in (35) turns into equality if rkw = 2g. o

Though this bound is weaker than (35), it is easier to calculate. This bound is efficient for forms with
large rkw, which are the “majority” of all forms (in terms of measure).

8. Completeness of our results

Finally, we will show that we have completely characterized the relationships between the foliation
characteristics ¢(w) and m(w) and the form’s characteristics k(w) and h(ker[w]); in other words, that our
system of relations between their values is complete and no new relations can be obtained without involving
other variables.

Namely, we show that any combination of these values allowed by our results is realized even in the class
of very weakly generic forms. In particular, our bounds are exact and all intermediate values are reached.

Theorem 55. For any non-negative g, k, h,m, c that satisfy the relations (31), (14), (34), and (35), corre-

spondingly, on M7 there exists a very weakly generic form w such that k(w) = k, h(ker[w]) = h, c(w) = ¢,
and m(w) =m. If ¢ satisfies (33), then w can be chosen generic.
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PRrROOF. Recall what each relation states:

0< g,
(31): 0<k <29-2 (k=0if g =0); k is even,
(14): 0<h<y,
(34): c<h=g—m ifk=0and m <1,
(35): g—3k—h<m<g—ik—c (m#0if k#0),
(33): m=g—3k—c

If g = 0 then k = m = 0 and the statement trivially holds, so we assume g > 0. In the rest of the proof
we assume that all unspecified periods of w are incommensurable.

Case k = 0:

Figure 10 shows a connected sum f§ of m tori Ti(m) with minimal foliation—cf. Proposition 49 (ii)—and

he = g—m tori Tj(c) with a compactifiable foliation, among them ¢ ones with a compact foliation, c¢(w;) = 1,
and the rest as in Figure 5, ¢(w;) = 0. Denote the constructed manifold with such foliation by M (c, he, m).

AR
==

he m

g

Figure 10: Construction of M(c, he, m) in Theorem 55 for the case k = 0.

Consider characteristics of this foliation. By construction, the constraints on ¢(w) = ¢ and m(w) = m
are satisfied: ¢+m < g. Note that each singular leaf by which a pair of tori is pasted together has a unique
singularity. Now we will show that the constructed foliation has h(ker[w]) = h, where g —m < h < g.

If m <1, then by Lemma 52 we have h(ker[w]) = g — m. So (34) holds and so do the other constraints.

Now let 2 < m < g. Consider one cycle zj(c) in each Tj(c) such that zj(c) € ker[w]; obviously, the system
{zj(-c)} is isotropic. We have h, < h(ker[w]). If h. < h(ker[w]), then we will complete the system {ZJ(-C)} to

a maximal isotropic subgroup H C ker[w] with h("™) = h — h, isotropic cycles z](-m) from ﬂTi(m). Obviously,

0 < hlm < m. -

To obtain the desired h("™, we will choose appropriate periods of w in each T}

o without loss of minimality

in it.
(i) Let h(™ = 0. Then just choose all incommensurable periods in all Ti(m).

(ii) Let A™ = 1. Choose the periods (1,v/2) in T\"™ and (1, /3) in T\"”. Then ker[wl, om] = (211~ 221),

)

where z;1, z;2 are the basic cycles of Tl-(m corresponding to these periods. Recall that all other periods

are incommensurable.

(iii) Let h(™ = 2. Similarly, choose the periods (1,v2) and (v/2,1) in the first two Ti(m). Then
ker[w|ﬁT_<m)] = <211 — 222,212 — 221> is iSOtI‘OpiC.

(iv) Let h(™ = 3. Choose the periods (1,v/2), (v/2,—1), and (v/2 — 1,2v/2) in the first three Ti(m). By
Lemma 14, the isotropic subgroup (z11 — 221 + 231, 212 + 222 — 231, 212 + 221 — 232) of ker[w|ﬁT_<m)] is

maximal.
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(v) Let h™ = 2n, n € N. Consider n pairs of tori with periods (a;,@;v/2) and (a;v/2, ;), so that each

pair behaves as in (iii) above, but different pairs are incommensurable.

(vi) Let h(™ = 2n 4+ 1. Choose n — 1 pairs as in (v) and a triple as in (iv).

By construction, we obtain h(™ + h. = h(ker|w]), and h = h(ker[w]) satisfies the constraints (14)

and (35), i.e., g — m < h(ker[w]) < g.

Case k #0:

Let now k > 2, thus g > %k—k 1.
Figure 11 shows a manifold M * of genus g*) = 1k+1 with m(w®) = 1, k(w™) = k. If k = 2g—2, then

we have M*) = MQQ; otherwise we construct a manifold M(® of genus ¢(® = g — ¢g® with m(w©®) =m —1
and k(w(®) = 0 as discussed above. Then M®*) ¢ M(©) has the desired properties. To obtain h(ker[w]) = h,
M© is to be constructed with A(®) = min(h, ¢(®) and in M*) the periods are constructed as in (i)—(vi)
above with h®) = h — h(®) if positive.

===

g(© g®)

Figure 11: Construction of MO = M(c,he,m — 1) and M) in Theorem 55 for the case k # 0.

If the constraint (33) holds, i.e., m+c¢=g— %k, then we have ¢ = h,, so the form can be chosen generic.
O
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